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Abstract. For a non-compact n-manifold M let W(M) be the group of homeomorphisms of M endowed 
with the Whitney topology and 'Hc{M) the subgroup of 'H(AI) consisting of homeomorphisms with compact 
support. It is shown that the group 'Hc{M) is locally contractible and the identity component HaiM) of 'H(M) 
is an open normal subgroup in 'Hc{M). This induces the topological factorization T-LciM) Rj 'Ho{M) xAic{M) 
for the mapping class group Mc{M) = 'Hc{M) /'Ho{M) with the discrete topology. Furthermore, for any 
non-compact surface M, the pair {'H{M),'Hc{M)) is locally homeomorphic to (□'^i2,H"'2) at the identity 
idi/ of M. Thus the group 'Hc{M) is an {I2 X IR°°)-manifold. We also study topological properties of the 
group ©(M) of diffeomorphisms of a non-compact smooth n-manifold M endowed with the Whitney C°°- 
topology and the subgroup T>c{M) of 'D(M) consisting of all diffeomorphisms with compact support. It is 
shown that the pair {T>{M),'Dc{M)) is locally homeomorphic to (□'^^2, at the identity idj^j of M. 

Hence the group 'Dc{M) is a topological {I2 X R°° )-manifold for any dimension n. 

1. Introduction 

In this paper we study topological properties of groups of homeomorphisms and diffeomorphisms of non- 
compact manifolds endowed with the Whitney topology and recognize their local topological type. 

For a (T-compact n-manifold M possibly with boundary let T-L{M) denote the group of homeomorphisms 
of M endowed with the Whitney topology and Hc{M) the subgroup of 'H{M) consisting of homeomorphisms 
with compact support. In this topology, each / g H{M) has the fundamental neighborhood system 

U{f) = {ge n{M) : (/, 9) ^ W} (We cov(Af)), 

where cov(Af ) is the set of open covers of M and the notation (/, g) means that / and g are U-near (i.e., 
every point a; G M admits a set [/ 6 W with f{x),g{x) £ U) (Proposition 13. ip . The support of /i G 'H(M) is 
defined by 

supp(/i) — c\{x M : h{x) ^ a;}. 

The group H{AI) is a topological group and the identity component HoiM) of H^AI) lies in the subgroup 
HciM) (Proposition [S3](l)). 

In case M is a compact n-manifold, the Whitney topology on the group %{M) coincides with the compact- 
open topology. Hence, H{M) is completely metrizable and locally contractible ([TUIj [H])- When M is a 
compact surface (or a finite graph), the group T-L{M) is an Z2-manifold (the case of finite graphs is the result 
of [3]; the case of compact surfaces is a combination of the results of [33], [T3] and [SO])- For n > 3, it is 
still an open problem if the homeomorphism group T-L{M) of a compact n-manifold M is an /2-inanifold [3], 
which is called the Homeomorphism Group Problem [33) . 
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In this paper we are concerned with the case that M is a noncompact cr-compact n-manifold. In this case 
the Whitney topology on 'H{M) is still very important in Geometric Topology, but it has rather bad local 
properties. Our observations in this paper mean that the subgroup 7ic{M) of H{M) is quite nice from the 
topological viewpoint. First we recall basic facts on the local topological models of the groups H^M) and 
Hc(M). 

A Frechet space is a completely metrizable locally convex topological linear space and an LF-space is the 
direct (or inductive) limit of increasing sequence of Frechet spaces in the category of locally convex topological 
linear spaces. A topological characterization of LF-spaces is given in |7]. The simplest non-trivial example 
of an LF-space is R°° , the direct limit of the tower 

C C C • • • , 

where each space R" is identified with the hyperplanc R" x {0} C R""'""'^. In [53] P. Mankiewicz studied 
LF-spaces and proved that an infinite-dimensional separable LF-space is homeomorphic to («) either R°°, I2 
or I2 X R°°. The space h x R°° is homeomorphic to the countable small box power □'^^2 of the Hilbert space 
I2, which is a subspace of the box power □"^2- One should notice that the box power O'^h is neither locally 
connected, nor sequential, nor normal (see [T7], [33] )■ 
In the papers |4j and ^5] we have already shown that 

(H(R),Hc(R)) « (H([0,Oo)),He([0,Oo))) « (□";2,H"/2). 

Moreover, it is proved in [5j that if M is a non-compact separable graph then HdM) is an (^2 x R°°)-manifold. 
Thus, as a non-compact version of the Homeomorphism Group Problem, we can expect the following: 

Conjecture. For any non-compact a-compact n-manifold M possibly with boundary, the pair ('H(M), TidM)) 
is locally homeomorphic to (□'^/2, cit the identity idj\/ of M . In particular, the group 'Hc{M) is an 

{I2 X M.°°) -manifold. 

Here, we say that a pair {X' , X) of topological spaces X C X' is locally homeomorphic to a pair (V , Y) if 
each point x X has an open neighborhood U C X' such that the pair (U, U D X) is homeomorphic to the 
pair {V, V CiY) for some open set V C Y'. 

In this paper we first show that the group UdM) is locally contractible in any dimension n. 

Proposition 1. For any a-compact n-manifold M possibly with boundary, the group T-LdM) is locally con- 
tractible. 

Thus the identity component 'Ho{M) is an open normal subgroup of Hc{M) and it induces the topological 
factorization 

nciM)^na{M) X MdM), 
where MdM) = T-LciM) /HoiM) is the mapping class group of M with the discrete topology. 

As mentioned above, the conjecture above has been proved in the case n = 1, see [5]. Here we solve the 
conjecture affirmatively in the case n = 2. 

Theorem 2. Suppose M is a non-compact a-compact 2-manifold possibly with boundary. Then the pair 
{'H{AI),'HdM)) is locally homeomorphic to (□"^^2, □'^^2) o,t the identity id^/ of M . In particular, the group 
ndM) is an {h x -manifold. 

-'^Because of the non-paracompactness of n"(2, we avoid to say "□'^/2-nianifold" or "(n"i2, H"'2)-nianifold pair". 
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Any (T-compact 2-inanifold M possibly with boundary admits a PL-structure [26]. When M is equipped 
with a PL-structure, the symbol T-L^^{M) denotes the subgroup of T-L{M) consisting of PL-homeomorphisms 
with respect to this PL-structure. A subspace A oi a. space X is said to be homotopy dense (abbrev. HD) if 
there exists a homotopy (j)t : X ^ X such that 0o = idx and (j)t{X) C A {t E [0,1]). 

Proposition 3. Suppose M is a non-compact a-compact PL 2-manifold possibly with boundary. Then the 
subgroup 'H^^{M) is homotopy dense in T-Lc{M). 

We also study the local topological type of groups of diffeomorphisms of non-compact smooth manifolds 
endowed with the Whitney C°°-topology. For a smooth n-manifold M, let V{M) denote the group of all 
diffeomorphisms of M endowed with the Whitney C°°-topology. Let I?o(-^) denote the identity component of 
the diffeomorphism group V{M) and DdM) denote the subgroup oiV{M) consisting of all diffeomorphisms 
of M with compact support. 

Theorem 4. For a non-compact a-compact smooth n-manifold M without boundary, the pair {'D{M), Vc{M)) 
is locally homeomorphic to (□"Z2,H"^2) o-t the identity id^f of M . In particular, the group VdM) is a 
topological {I2 x M.°°) -manifold. 

This implies that the identity component Vq{M) is an open normal subgroup of VciM) and it induces 
the topological factorization 

V,{M) « VoiM) X MTiM), M^{M) = Vc{M)/Vo{M). 

In [S] we have shown that (2?(R), X'c(R)) ~ (n"^2,H"'2)- In the succeeding paper [B], we determine the 
global topological types of the groups HdM) for non-compact surfaces M and the groups T>c{M) for some 
kind of non-compact smooth n-manifolds M . 

This paper is organized as follows: Section [2] contains the basic facts on the box products and the small 
box products, and Section |3] contains generalities on homeomorphism groups with the Whitney topology. In 
Section!?] we introduce some fundamental notations on transformation groups and in Section [S] we formulate 
the notion of strong topology on transformation groups and study some basic properties. In Section [5] we 
apply these results to groups of homeomorphisms and diffeomorphisms of noncompact manifolds and prove 
Theorems [5] and S] together with Propositions [T] and [3] 

2. Box AND SMALL BOX PRODUCTS 

In this section we recall some basic properties on box products and small box products. Let lo and N 
denote the sets of non-negative integers and positive integers, respectively. 

Definition 2.1. (1) The box product OneLjXn of a sequence of topological spaces {Xn)neLj is the countable 
product n„g(^ Xn endowed with the box topology generated by the base consisting of boxes H^g^ Un, where 
Un is an open subset of X„. 

(2) The small box product Sn^i^Xn of a sequence of pointed spaces *n)n£cj is the subspace of On^^^Xn 
defined by 

BnecjXn = {{xn)neLj £ D^euXn : 3m G cj Vn > m, a;„ = *„ }. 

(3) The pair {DneuXn, □„ec^-'^n) is denoted by the symbol (□, □)„g^X„. 
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The small box product Dng^jX^ has a canonical distinguished point {*n)neu- For a sequence of subsets 
An C Xn {n E uj), let 

where it is not assumed that *„ G An- If *„ ^ A„ for infinitely many n G w then Dngi^An ~ 0. Identifying 
ni<n^i with the closed subspace {{xi)ieuj G Bifz^^Xi : Xi ^ *i (i > n)}, we can regard [Hn^ajX^ — 
UnGw ni<n "'^j- When Xn = X for all n G w, we write □"X and □'^X instead of DneujXn and □ngcjXn, which 
are called the 60a; power and the small box power of X, respectively. Then we can regard □"X = lj„g^ X"', 
where X C X^ d X^ C ■ ■ ■ . 

Proposition 2.2. // each finite product Y[i<n -^i paracompact, then the small box product E\i^i^Xi is also 
paracompact. 

Proof. By the characterization of paracompactness (Theorem 5.1.11 in p[l]), it suffices to show that every 
open cover U of 'E\i^^Xi has a cr-locally finite open refinement. For each n G N, we shall construct a locally 
finite open collection Vn in Hjgw^i which covers Jli<n -^i ^^^^ refines lA. Each x G ni<ri ^ basic open 

neighborhood E\ifz^Uf which is contained some member of U. Then {ni<n : x £ ni<n 1 open 
cover of ni<n"''^«' which has a locally finite open refinement Un- For each U £ Un, choose x G ni<n 
that U C ni<n ^^"^ define Vu = U x □i>„C/f . Then V„ = {Vu : ?7 G Z^„} {n G satisfy the required 
conditions. Consequently, IJnGN is a cr-locally finite open refinement of U. □ 

A sequence of maps 0" : {Xn, *n) ^ (^n, *n) {n G w) induces a continuous map 

Lemma 2.3. For a compact space K and a sequence of maps : {Xn x K, {*„} x K) — >■ (y„, *„) {n G w), 
f/ie map 

$: (Hng^Xn) xX^D„g^r„, $((a;„)„e<^,y) = (0"(a;„,?/))„g^. 

is continuous. 

Proof. The proof is straightforward. Take any point {{xn)necoi u) of UineuXn x K and any open neighborhood 
V of ^{{xn)neuj,y) in Hnei^yn. We may assume that V is of the form V = ElneuVn, where Vn is an open 
neighborhood of (/i"(a;„, in Xn- There exists m £ uj such that x„ = *„ for n > m. For n = 0, 1, • • • , m, 
choose open neighborhoods C/„ of a;„ in Xn and W„ of y in if such that </>„([/„ x W„) C Vn- For n > m, 
since </),!({*«} x A') = {*„} C Vn and iiT is compact, there exists an open neighborhood C/„ of Xn — *n in 
Xn such that </>"([/„ x AT) C K; . Then U — Sn^uUn and W — fX^=o ^'"^ open neighborhoods of (a;„)„ in 
Ein£ujXn and y in if, respectively. Now, it is easy to see that $([/ x W) C V. This completes the proof. □ 

For example, a sequence of homotopies : {Xn, *n) ^ (^n, *«) (fi £ induces a homotopy 
This simple observation leads to some useful consequences. 

Definition 2.4. A subspace A of a space X is called homotopy dense (abbrev. HD) in X rel. a subset Aq 
of A if there exists a homotopy (pt '■ X X {t £ [0, 1]) such that 0o = idx, ^tUo = id and (f>t{X) C A 
(tG(0,l]). 
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Proposition 2.5. LeA, An, *n)neui be a sequence of pointed pair of spaces. If each An is HD in X„ rel. 

the point *„, then Eini^uiAn is HD in Eln^ui^n- 

Remark 2.6. (1) Suppose X is a metrizable space, Aq c A c X and Aq is a closed subset of X. If A is HD 
in X, then A is HD in X rcl. Aq. 

(2) Suppose G is a topological group and H in a. subgroup of G. If H is HD in G, then H is HD in G rel. 
the identity element e of G. 

Definition 2.7. (1) A subspace A of a space X is called contractible in X (rel. a point a € A) if there exists 
a homotopy (j)t : A ^ X {t e [0, 1]) such that (po = id^ and 4>i{A) is a singleton {<pt{a) = a for every t e [0, 1], 
whence (t>i{A) = {a}). 

(2) A space X is called (strongly) locally contractible at x e X if every neighborhood U of x contains a 
neighborhood V of x which is contractible in U (rel. x). 

(3) A pointed space {X, *) is said to be (i) locally contractible if X is locally contractible at any point of 
X and strongly locally contractible at the point *, and (ii) contractible if X is contractible in X rel. *. 

Proposition 2.8. If pointed spaces (X„,*„) (n G lo) are (locally) contractible, then the small box product 
E\neuXn is also (locally) contractible as a pointed space. 

RemEirk 2.9. A space X is called semi-locally contractible at a point x & X iix has a neighborhood V mX 
which contracts in X. It is easy to see that if a topological group G is semi-locally contractible at the identity 
element e G G then G is strongly locally contractible at every x G G, hence the pointed space (G, e) is locally 
contractible. Indeed, if /i : Vq x [0, 1] — > G is a contraction of a neighborhood Vq of e G G, then we can define a 
contraction /i' : Vq x [0, 1] G by h'{x,t) = h{e,t)~'^h{x,t). Since h'{{e} x [0, 1]) = {e}, every neighborhood 
U of e contains a neighborhood V of e such that h'{V x [0, 1]) C U. Then the restriction /i'|yx[o,i] is a 
contraction of ^ in [/ fixing the identity element e. Since the topological group G is homogeneous, it follows 
that G is strongly locally contractible at every x € G. 

Finally we discuss the box products of topological groups. As usual, we regard a topological group as 
a pointed space by distinguishing the identity element. For topological groups {Gn)neujj the box product 
^neujGn is a topological group under the coordinatewise multiplication, and the small box product SneuGn 
is a topological subgroup of OneuGn- 

Suppose G is a topological group with the identity element e G G. Any sequence {Gn)neu of subgroups of 
G induces the natural multiplication map 

P ■■ HnewGn G, p{xo, ...,Xk,e,e,...)=xo-xi---Xk. 

Lemma 2.10. The map p is continuous. 

Proof. Fix any point x = {xq, ■ ■ ■ , Xk) G \I\neujGn and take any neighborhood V of its image p{x) = xq - ■ -Xk 
in G. Replacing a; by a longer sequence if necessary, we can assume that Xk = e. By the continuity of the 
group multiplication, find a sequence of neighborhoods J7„ of Xn in G, n < k, such that 

Uo-Ui--- Uk-i -Uk-UkCV. 

Now, inductively construct a decreasing sequence {Un)n>k of open neighborhoods of e in G such that 
Un-Un C Un-1 fov all u > k. Such a choice will guarantee that 

f/o • ■ • Uk-i ■ Uk ■ Uk+i ■■■UnCUo--- Uk-i -Uk-UkCV {n> k). 
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Then the set U = DneuiUn H HngtjGn is an open neighborhood of X in [Hfi^^Gji and 

piU) c U ((7o • • • Un) C V, 

which proves the continuity of p at x. □ 

Let p : X ^ Y he SL continuous map. A local section of p at y S K is a map s : V ^ X defined on a 
neighborhood of y in y such that ps = id. When V = Y , the map s is caUed a section of p. 

Lemma 2.11. Suppose (Gn)new is a sequence of subgroups of G such that Gn C Gn+i for each n E uj and 
G = UnGw V the multiplication map p : \I\neu)Gn G has a local section at e, then the following hold: 

(1) The map p has a local section at any point of G and a local section s at e with s(e) — (e, e, • • • ). 

(2) // each Gn is locally contractihle, then so is G. 

(3) Suppose G is paracompact and H is a subgroup of G. If Hn = H n Gn is HD in Gn for each n € uj, 
then H is HD in G. 

Proof. (1) The verification is simple and omitted. 

(2) By Remark 12.91 and Proposition 12.81 the small box product Hng^Gn is locally contractihle. Since the 
map p has a local section at any point, the group G is also locally contractihle. 

(3) Since G is paracompact, it suffices to show that each g E G has an open neighborhood U in G with a 
homotopy (pt : U G such that (f)Q ^ id and (j)t{U) C (t G (0, 1]). By (1) the map p admits a local section 
s : [/ — 5- ElneuiGn at the point g. By Remark |2. 61 (2) and Proposition 12. 5[ the small box product OneuHn is 
HD in [BneujGn by an absorbing homotopy ipf Then the homotopy (fit is defined by 4>t = ptpts. □ 

3. Basic properties of homeomorphism groups with the Whitney topology 

In this section, we list some basic properties of the Whitney topology on homeomorphism groups. For 
any topological space M, let H{M) denote the group of homeomorphisms of M endowed with the Whitney 
topology. This topology is generated by the subsets 

U{h) ^{ge H{M) : {h,g)^U}, {h e ^(M), U £ cov(M)), 

and each h e 'H(M) has the neighborhood basis U{h) {U G cov(M)). On the space C{X, Y) of all continuous 
functions from X to Y , the Whitney topology is usually defined as the graph topology or the \N0'^ -topology, 
that is, it is generaled by 

Tu = {feC{X,Y):TfCU}, 

where U runs through all open sets in X xY and Fy = {{x, f{x)) : x G C} is the graph of / G C{X, Y) (e.g., 
see §41]). The graph topology or the \N0'^ -topology on T-L{M) is the subspace topology inherited from the 
space C{M,M) with this topology. In the space C{X,Y), the graph topology is not generaled by the sets 

Uif) = {g G G(X, Y) : (/, g) <U} (/ G G{X, Y), U e cov{Y)). 

For completeness, we give a proof of the following: 

Proposition 3.1. For any topological space M, U{h) (U G cov(M)) is a neighborhood basis of h E 'H{M) in 
the graph topology. 
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Proof. Fix h G 'H{M). (1) Let W C be an open set such that F/j C W. Each x £ M has an open 
neighborhood Ux in Af such that Ux x h{Ux) C VF. Since /i is a homeomorphisni, U — {h{Ux) '■ x G M} G 
cov(M). To see U{h) C F^^, take any homeomorphism g e For every point z G M, there exists y G M 

such that {h{z), g{z)} C h{Uy). Since /i is a bijection, we have z 6 t/j^, hence (0,5(2)) e Uy x h{Uy) C VF. 
This means that Tg CW and hence W(/i) C Tw- 

(2) Take any cover U £ cov(M). For each x £ Af, choose Ux GU with /i(x) G f/j^. Then 



is an open neighborhood of Th in A/ x M . To see Fvi/ C U{h), take any g G Fw- Since Fg C VF, for any 
y e M we can find a; e A/ such that {y,g{y)) e h^^{Ux) x t/^. and hence {/i(y), (7(y)} C t/x- This means that 



For subspaces K C L C M, let £k{L,M) denote the space of embeddings f : L M with /|a' = idx 
endowed with the compact-open topology. In comparison with the Whitney topology (when M is Hausdorff), 
each / e £k{L, M) admits the fundamental neighborhood system: 

U{f, C) ^ {g e £k{L^ M) : {f\c,9\c) -< U} (C is a compact subset oi L,U e cov(Af)). 

The group H(A/) acts on £{L, M) by the left composition. When M is paracompact, every open cover of M 
admits a star- refinement. This remark leads to the following basic fact. 

Proposition 3.2. If M is paracompact^ then (i) T-L{M) is a topological group and (ii) the natural action of 
'H{AI) on £{L, M) is continuous. 

Proof. For the sake of completeness we include the proof. 

(i) It follows from the definition of the Whitney topology on 7i{M) that the inversion f ^ f~^ is continu- 
ous. So, it remains to check that the composition is continuous with respect to the Whitney topology. Given 
/,5 e niM) and U G cov(A//), we should find V, W £ cov(Af) such that f'g' e U{fg) for every /' G V(/) 
and g' G W(g), that is, {f,f') -< V and {g,g') -< W imply {fg,f'g') < U. By the paracompactness of Af, 
there is a cover V G cov(Af) with St{V) -< U. Let W = /"^(V) = {f'^iV) : F G V} and assume (/, /') -< V 
and (5,5') < W. Since {fg, fg') -< /(W) = V and {fg', f'g') < V, it follows that (/g, f'g') -< St{V) < U. 

The assertion (ii) can be seen by the same argument. □ 

The next proposition is the main result in this section. For a subset L C Af, let ^{M^L) = {/i G T-L{M) : 
=id}. 

Proposition 3.3. // M is paracompact then (1) 'Hq{M) C Hc{M) and (2) every compact subspace JC C 
T-LciM) is contained in TLlM, M \ K) for some compact subset K C M . 

Proof. (1) It suffices to show that each / G H{M) \ T-LdM) can be separated from id-M by a clopen subset 
U of ■H(Af). For this purpose, we compare the space H^AI) with the additive group □'^M. The latter space 
contains the clopen subgroup 



For any / G T-L{M) \ TidM), we can find a countable discrete subset X = {a;„}„g^ of M such that 
f{X) n X — 9. Indeed, the set F = supp(/) is non-compact and closed in M, whence F is paracompact. 

^It is proved in 13 that HiX) is a topological group if X is metrizable. 



VF = IJ h-^{Ux) xUxC M X M 



geU{h). 



□ 
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Since the compactness coincides with the pseudocompactness in the class of paracompact spaces (see [TH 
3.10.21, 5.1.20]), F is not pseudocompact and hence admits a continuous unbounded function which extends 
to a continuous function ^ : M ^ [0, +oo) by the normahty of M . Since is unbounded, we can choose a 
countable subset X — {xn}ni^u: in F so that for each new, f{xn) ^ Xn, ^{xn) > n and 

C{xn) > max{C(x,), ^ifix,)), ^if'^ix,)) : i < n} . 

Then f{X) n X = and lim„^oc. ^(xn) = oo. 

By the normality of M, there exists a Urysohn map A : Af — > [0, 1] with X{X) — and X{f{X)) = 1. Since 
h{X) is discrete for each h e ^(1/), we have the map ip : H(A/) □'^M defined by f{h) = (\{h{xn))) 
Since (p(idA/) = (0, 0, ... ) and ^p{f ) = (1,1,... ), it follows that U = (p^^(co) is a clopen neighborhood of idjvr 
with f ^U. 

(2) Given a compact subset /C C 7ic{M) we shaU show that supp(/C) = cIm ( UheK ^'^PP^'^)) compact. 
Assume conversely that the set supp(/C) is not compact. The same argument as in (i) yields a continuous 
function ^ : M — )> [0, oo) whose restriction ^| supp(/C) is unbounded. By induction we can choose sequences 
of points Xn € supp(/C) and of homeomorphisms G /C (n e such that hn{xn) 7^ Xn, S.ixn) > n and 

£,{xn) > max^(U-<„supp(ft.i)). 

It is seen that x„ g supp(/i„) \ ljj<„ supp(/ii) and so a;„ ^ Xm ii n ^ m. 

By the compactness of JC, the sequence (/ii)igN has a cluster point hoo € K. <Z Hc{M). Note that Uq = 
M \ {xn}neu: is Open in M. For each n G take a small open neighborhood [/„ of a;„ in M such that 
hn{xn) ^ Un and Un n Urn = if n ^ m. Then we have U = {Un}n£uj G cov(M). The neighborhood U{hoo) 
of hoo contains only finitely many /i„ because hoa{xn) = Xn ^ Un for sufficiently large new, but /i„(a;„) ^ ?7„ 
for each new. This contradicts the choice of hoo as a cluster point of (/in)n6w D 

Considering Conjecture in Introduction, we are concerned with the paracompactness of the space 'Hc{M). 

Proposition 3.4. For a locally compact separable metrizable space M , the space 'Hc{M) is (strongly) para- 
compact. 

Proof. We can write M — IJnGN-^"' where each M„ is compact and A/„ C intj\/M„+i. Then HdM) = 
[J^_^^j^'H{M, M\mtAIn). For each n e N, ?^(Af, Af \intAf„) « ■H(A/„, bdAf Af„) is separable metrizable, hence 
Lindelof. Therefore, Hc{M) is Lindelof by Theorem 3.8.5 in [12 , so it is (strongly) paracompact by Theorem 
5.1.2 (Corollary 5.3.11) in [12]. □ 

This proposition has a further refinement. Following E. Michael (see also [TB]) we define a regular 
topological space X to be an -space if X possesses a countable family M of subsets of X such that for each 
open subset U oi X and a compact subset K in U there is a finite subfamily F of N with K iz [J F d U . 
Such a family N is called a k-network for X. It is clear that each Np-space has countable network weight (cf. 
[H p.l27]) and hence is Lindelof [H Theorem 3.8.12]. 

Proposition 3.5. For a locally compact separable metrizable space M , the space HdM) is an Wo-space. 

Proof. In the proof of Proposition [2111 each T-L{M, M \ intAf„) is separable metrizable and hence its topology 
has countable base S„. We claim that the union B = UneN'^'i ^ countable fc- network for TLc{M). Indeed, 
given an open set U C HdM) and a compact subset K C U, we can apply Proposition 13.31 (2) in order to 
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find 71 G N such that K C TLiM, M \ intAf„). The compactness of K allows us to find a finite subfamily F 
of the base Bn such that K (z[jT ClU . □ 

4. Transformation groups 

4.1. Generalities on transformation groups. 

Throughout the article, a transformation group G on a space M means a topological group G acting on M 
continuously and effectively. Each g £ G induces a homeomorphism of M , which is also denoted by the same 
symbol g. This determines the canonical injection G ^ H{M). Let Go denote the connected component 
of the identity element e in G and let Gc = {g G G : supp((7) is compact}. For any subsets K,N of M, we 
obtain the following subgroups of G: 

Gk ^{geG -.glK ^idK}, G{N)=Gm\n, Gk{N) = Gk n G{N), GK,c = GKnG,. 

Proposition 4.1. Suppose the natural injection G — > 'H{M) is continuous. 

(1) // M is paracompact, then Go C Gc and every compact subspace K. C Gc is contained in G(K) for 
some compact subset K C M . 

(2) If M is locally compact and a-compact andG{K) is second countable for every compact subset K C M, 
then Gc is an W^-space (hence (strongly) paracompact). 

Proof. The statement (1) follows immediately from Proposition 13. 3[ while (2) can be deduced from (1) by 
analogy of the proof of Proposition [X5] □ 

For any subgroup H of G, there is a natural projection tt : G ^ G/H. The coset space G/H = {gH : 
g G G} is endowed with the quotient topology. The left coset 7r(g) = gH G G/H is also denoted by 'g. The 
symbols Hq and (G/H)o denote the connected components of e in _ff and e in G/H respectively. 

For each subset L C M, let £'^(L,M) be the set of embeddings g\]^ : L ^ M induced by g G G. The 
inclusion map il : L d M is regarded as the distinguished point of this set. The group G acts transitively 
on the set £'~^(L, M) hy g ■ h = gh. More generally, for subsets K C L C N oi M, we have the subset 

£i(L, N) = {g\L G £(L, M) : g G Gk(N)} - Gk(N) ■ i^ C ^'^(L, M). 

The subgroup Gk{N) acts on this subset transitively and the subgroup Gl{N) is the stabilizer of i^ under 
this action. Since for each g,g' G Gk{N), 

g\L^g'\L ^ g-'g'eG^N) ^ gGUN) = g'GUN), 

the restriction map r : Gk{N) £§(L, N), r(g) — g\L, has the following factorization: 



Gk(N) 




Gk(N)/Gl(N) £§(L,N), 

where 4'(g) = g\L = g • The map </> is a Gi<- ( )-equivariant bijection. For K a L2 C Li C N, we obtain 
the restriction map £j^(Li,N) £j^(L2, N). Hereafter, in case K — ^, the symbol K is omitted from the 
notations. 

Here we include general remarks on topologies on the set £^(L, N). 
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Definition 4.2. A topology r on the set £j^{L,N) is said to be admissible if the action of Gk{N) on 
{£j^{L, N),t) is continuous. The space {£'^{L,N),t) is also denoted by £j^{L,Ny. 

Let T ~ T§{L,N) denote the quotient topology on £j^{L,N) induced by the map r. For simplicity, the 
space {£^{L,N),t) is denoted by £^{L,N). 

Remark 4.3. (i) The quotient topology r is the strongest admissible topology on £§{L, N). 

(ii) The restriction map £^^ {Li,Ni) £^^ (-^2,-^2) is continuous for triples {Ni,Li,Ki) and (A^2, -^2, K2) 
such that Ni C N2, Li D L2 and Ki D K2. 

Remark 4.4. If the set £'^{L, N) is equipped with an admissible topology r, then the following hold: 

(i) The maps r and (j) are continuous. The map is a homeomorphism if and only if r = t. 

(ii) The map r : Gk{N) — > £j^{L, NY has a local section at i^ if and only if r = r and the map 

has a local section. In this case, the map r is a principal GL(A^)-bundle. 

4.2. Local section property. 

Throughout this subsection, we assume that G is a transformation group on a space M . Suppose K C 
L C N are subsets of M. 

Definition 4.5. We say that the triple {N, L, K) has the local section property for G (abbrev. LSPg) if the 
restriction map r : Gk{N) — > {£ji{L, M), r) has a local section s at the inclusion i^ : L C M with respect to 
some admissible topology r. (In this definition, one should not confuse £j^{L,AI) with £j^{L,N).) 

Remark 4.6. (0) The above map s is also a local section of the restriction map Gk £k{LtMY . Thus 
r = T^(L,M) by Remark li^ (ii) . 

(i) We can modify the local section s so that 5(1^) — \Am. 

(ii) A triple {N,L,K) has LSPg if and only if for some admissible topology r 

(a) £§{L, N) is open in £^{L, Mf and 

(b) the map r : Gk{N) — > £^{L,Ny has a local section at i^. 

(iii) Suppose {Ni, L, Ki) and {N2, L, K2) are triples of subsets of M such that A^i C A^2 and Ki C K2. 
If {Ni,L,Ki) has LSPg, then so does {N2,L,K2). Indeed, the map ri : GrA^^i) ^ ^K^i^^^'^y 

a local section s : U Gki{Ni) at the inclusion i^ : L C M. For each f e U D £j^^{L, My , since 
s(/)|l = / and K2 C £, we have s{f)\K2 — flx^ — id, hence the restriction of s is a local section for 
r2:GKAN2)^£§,iL,My. 

Definition 4.7. Suppose r is an admissible topology on £^{N, M). We say that the triple (iV, L, K) has the 
weak local section property for G with respect to r (abbrev. WLSPg^t-) if there exists an open neighborhood 
V of iN in {£j^{N, M),t) and a continuous map s : V — > Gk{N) such that s{f)\L = !\l for each / G V. 

Remark 4.8. (i) We can modify the map s so that s(iAr) — idM- 

(ii) When the topology r is understood from the context, we omit the symbol r from the notations. 
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4.3. Exhausting sequences. 

This subsection includes a remark on exhausting sequences of spaces and their associated towers in trans- 
formation groups. Suppose M is a locaUy compact cr-compact space and G is a transformation group on M. 
Recall that a subset A of M is regular closed \i A = clA/(intM^) and that a sequence J- — {Fi)i^fn of subsets 
of M is discrete if each point x G M has a neighborhood which meets at most one Fi. 

By the assumption, there exists a sequence (Mi)igN of compact regular closed sets in M such that Mi C 
int7\/Mi+i and AI = UieN UieN ^'^^a^-^^O- I* induces the tower (G(Mi))igN of closed subgroups of Gc 
and the multiplication map 

p : □ieNG(Afi) p{hi, h^) = /ii • • • /i„. 

For each i G N, let Ki ~ M\\iiiMMi and Li = Af^ \intMMi_i, where Mq — 0. Then the sequences (£2i-i)iGN 
and (£2i)ieN are discrete in M. There exists a sequence (iVi)igN of compact subsets of M such that Li C 
intM^i and NiCiNj = if > 2 (hence Ni C intA/A/i+i \A'fi_2 and subsequences (A^2i-i)jeN and (A^2i)4eN 
are discrete in M). Note that G{Mi) = Gki and is regular closed since Li = cl7\/((intMAfi) \ Mi^i)). We 
call each of the sequences (Mi)igN, (Mi, Li, Ni)i^fi and {Mi, Ki, Li, Ni)iizfi an exhausting sequence for Af. 
The next lemma directly follows from Lemma 12.111 

Lemma 4.9. Suppose {Mi)i^jq is an exhausting sequence for M and the map p : □igNG(A^i) Gc has a 
local section at the identity element e. Then the following hold: 

(1) The map p has a local section at any point of Gc- 

(2) If each G{Mi) is locally contractible, then so is Gc- 

(3) If Gc is paracompact, H is a subgroup of G and each II{Mi) is HD in G{Mi), then He is HD in Gc- 

5. Transformation groups with strong topology 

In Section [6l we shall study the topological properties of the homeomorphism group H(Af) and the 
diffcomorphism group T>{M) of a non-compact manifold M endowed with the Whitney topology. These 
groups acts naturally on the manifold M and admit infinite products of elements with discrete supports. This 
geometric property distinguishes these groups from other abstract topological groups and connects them to 
the box topology. To clarify this situation, we introduce the notion of transformation groups with strong 
topology and study its basic properties. In particular, we obtain some conditions under which transformation 
groups are locally homeomorphic to some box/small box products fPropositions 15.51 and 15 . 1 1 p . In Section [SI 
these fundamental results are applied to yield main results of this article. Our axiomatic approach is also 
intended for further applications to the study of other subgroups of T-L{M) and V{M)- 

5.1. Transformation groups with strong topology. 

Throughout this subsection, let G be a transformation group on a space Af . For each discrete sequence 
C = (Li)igN of subsets of M, we have 

(i) the group homomorphism Xc ■ □ieNG(Li) — 7{(Af) defined by 

A£((.g.O»eN)|L, = .gjk, (jeN) and Xc{{gt)teN)\M\u,^,, ^ '^d. 

(ii) the function rc ■ G Af) defined by 
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Note that X^^ CHciM)) = □^^^^(-Li) if each Lj is compact. 

Definition 5.1. We say that the transformation group G on M has a strong topology if it satisfies the 
following conditions: 

(1) The natural injection G — s- ?^(M) is continuous with respect to the Whitney topology on 'H{M). 

(2) For any discrete sequence £ = (Lj)jgN in M, 

(i) imA£ cG and (ii) the map Xc : Di^nG{Li) — >■ G(\J^^^Li) is an open embedding. 

Definition 5.2. Let be a collection of subsets of M. We say that the transformation group G on M has a 
strong topology with respect to if G has a strong topology and satisfies the following additional condition: 
(*) For any discrete sequence £ = (Li)igN in M with Li £ J^, the function rc'- G ^ \I\iQfi£'^{Li,M) is 
continuous. 

5.2. Transformation groups locally homeomorphic to box products. 

Assumption 5.3. Throughout this subsection, wc assume that M is a locally compact cr-compact space and 
G is a transformation group on M with a strong topology with respect to a collection T of subsets of M. 

For notational simplicity, for pairs of spaces and maps between them, we use the following terminology 
and notations: For pairs of spaces {X, A) and (Y, B), wc set {X, A) x (F, B) = {X xY.Ax B). Wc say that 

(i) {X, A) and (Y, B) arc locally homeomorphic and write {X, A) ?»£ (y, B) if for each point a £ A there 
exists an open neighborhood U of a in X and an open subset y of y which admit a homeomorphism 
of pairs of spaces {U, U r\ A) Ki {V,V r^ B). 

(ii) a map p : {X, A) — >■ (Y, B) of pairs of spaces has a local section at a point 6 e .B, if there exists an 
open neighborhood F of 6 in F and a map s : (V, F fl B) — >■ (X, A) of pairs such that ps = idy. 

Suppose C = (Lj)igN) = {Ni)ieN and K. = {Ki)i^^ are discrete sequences of compact subsets of M such 
that Li c Ni for each i e N and M = LU K, where L = IJieN ^ ~ UieN Since G has a strong 

topology, the discrete sequences TV and K, induce the open embeddings 



X^ : Di^j^GiNi) ^ G{N) and Xk : Di^nGiKi) ^ G{K), 



where A'' = Ujgj^ Ni. Then we obtain the map 



p : {n,B)i^^G{Ni) X {n,B)i^nGL{Ki) ^ {G,Gc) 



defined by p((5i)ieN, (/lOiew) = Xj^{{gi)i(zj^)XK:{{hi).ieN) ■ 



Lemma 5.4. // {Ni,Li) has LSPq and Li ^ T for each i G N, then 



(1) (G,Gc) -I (□,H),eNf^(i„M) X (□, □)igNGL(X,), 



(2) the map p has a local section at 'vIm- 



Proof. We are concerned with the following maps: 




Xu 



V 




s X id 



e 



V 




G, 



'n = X^src, ^(s X id)(?!) = idv, V = ^(^ ^ id). 
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These arc defined as follows: Since G has a strong topology with respect to T and Lj e € N), we obtain 
the map 

rc ■.G^a,eN£^{L,,M), rc{g) - {9\u)^en■ 
By the assumption, for each i G N, there exists an open neighborhood Vi of the inclusion il^ : Lj C M in 
£^{Li,M) and a map Sj : Vj — >■ G{Ni) such that Si{f )\Li = f\Li for each f G Vi and Si{iLi) = idM- The 
maps Si {i G N) determine the map 

s : Di(=fiVt ni(=nG{Ni), s{{fi)i(=fi) = (sj(/i))jeN- 

The preimagc V ~ r^^ (Difz^Vi) is an open neighborhood of id^f in G. Let r] = \j\fsrc '■ V — > G{N). For 
every G V, since ??(5')|Li — .gli^ for each z G N, we have T]{g)^^g G G^. The maps </) and 6 are defined by 

<t>{9) = {'rc{g),'n{g)~^g) and 6i((3i)ieN, /i) = AA^((3i)ieN)/i- 

Then f?(s x id)(/) = idy because 6{s x id)(/)((7) = )^j\f sr c{g)Ti{g)~^ g = g for each 5 € V. Since M = LU K, we 
have Gi C G{K). It follows from the definition of Xjc that 

(□,H),eNGL(i^») « (imA;cnGL,imAjcnGL,c) «HGl,Gl,c). 

(1) Consider the map if) = 9{s x id). For each {{fi)ieN, h) G DigNVi x Gl, wc can write 

'4'{{fi)ieN, h) = fh, where / = XM{{si{fi))ieN)- 

Since = Si(/i)|i:,i = /i G V,, it follows that 

rcifh) = (/i)ieN e DigNVi, 

which means //i G V. Thus, we obtain the map 

■0 : DieNVj x Gl V 

such that ^/'^ = 9{s x id)(/> = idy- Moreover, 

V{fh)-^fh = XM{{s{fi))ief^)-^fh = h. 

Since rc{fh) = {fi)ieN, it follows that ^'4>{{fi)ieN,h) = {{fi)i,h). Therefore, ^ is a homeomorphism with 
= ip. On the other hand, ^{V fl Gc) = HigNVj x Gl,c because Si{iLi) = idM- Consequently, 

(V,VnGe) « (□,H)ieNVi X {Gl,Gl,c)- 

Recall {Gl,Gl,c) ~« (□, □)ieNGL(-ff'i). Thus, we have 

(G,Ge) (□,Q),eN£^'(L„M) x (□, □),eNGL(i^i). 

(2) The map p has the factorization 

Di^tiGiNi) xOi^tiGLiKi) ^ G 

id X A/c 

□ieNG(iVi) X (imAjc nGi) □ieNG(iVi) x Gl 

Since 9{s x id)0 = idy, the map 9 has the next local section at idM: 

ao = (s X id)<^ : (V,VnGe) ^ (□, □)ieNG(iVi) x {Gl,Gl,c)- 
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Since ini(id x Xjc) is an open neighborhood of 

(To (id A/) = ((idM, idM, ■■■), idA/) 

in Di^-fqG{Ni) X Gl, we have a neighborhood U of idA/ in V such that a^^iU) C im(id x Xjc). The following 
map is a local section of p at icLm- 

a - (id X X^^)ao\u ■■ {U,Ur\Gc) ^ (□, □).eNG(A^O x (□, □),eNGL(ifO. 
This completes the proof. □ 

Proposition 5.5. Suppose {Mi^ Li^ Ni)i^fi is an exhausting sequence for M . If {N2i,L2i) has LSPc and 
L2i £ J' for each i gN, then the following hold: 

(1) {G,Gc) (□,H).eNf'^(i2»,M) X (□, □),eNG(L2.-i), 

(2) The multiplication map p : □igNG(Afi) — )■ Gc has a local section at any point of Gc- 

Proof. We apply Lemma \5A\ to the discrete families £ = {L2i)iefh A/" ~ (-/V2i)ieN and IC = {L2i-i)ieT>i. Let 
L — lJieN-^2i- Then GL{L2i-i) — G{L2i-i) for each i G N because £22-2 is regular closed. The statement 
(1) is none other than Lemma[nH](l). It remains to show the statement (2). Due to Lemma [F^ (2). the map 

p : □,eNG(7V2») X □,6nG(L2,-i) Gc, 

P{{fi)iefh {gi)ieti) = AA/-((/i)igN)A/c((gi)i6N) 

has a local section at idM, say 

a:W^ B,enGiN2^) x B,e^,G{L2^-l). 
Note that the image a{h) = {{fi)ieN, {9i)i&H) of each ft, e W satisfies the following conditions: 

(a) h = X^f{{f^)^eN)>^lc{{9^)^efi) = (/1/2 • • ■ )(gi.92 • • • ) = /i.9i/2g2/353 • • • ; 

(b) f, e GiN2^) C GiM2^+l) and g, e G(i2»-i) C G(Af2^-i) C G(M2.+2) for each i e N; 

(c) (idA/,idA/,/i,5i,/2,52,--.) S ^»eNG(Mi) and ft = p(idAf , idAf , /i, .91, /2, 32, • • • ) ■ 
Therefore, a local section at idA/ of the map p : □igNG(Afi) Gc is defined by 

s : W -J> □jeNG(M,), s(ft) = (idA/, idA/, /i, 51, /2, 52, • ■ • ) • 
The conclusion now follows from Lemma [4.91 (1). This completes the proof. □ 

5.3. Strong topology with respect to an admissible collection. 

In the cases where G is the diffeomorphism group of a smooth n- manifold {n > 1) or the homeomor- 
phism group of a topological n-manifold (n = 1,2), we can apply Proposition 15.51 However, when G is the 
homeomorphism group of an n-manifold M (n > 3), it is still an open problem whether the restriction map 
r : G £^{L,M) has a local section for a locally fiat n-submanifold L of AI (cf. Subsection 16. 1|) . At this 
moment, we only know that the deformation theorem for embeddings in topological manifolds f}llj) implies 
the weak local section property. This motivates the formulation of this section. 

Throughout this subsection, we assume that G is a transformation group on a space M. 

Definition 5.6. An admissible collection {J-,t'^{*,M)) for the transformation group G on M consists of a 
collection T of subsets of AI and an assignment of an admissible topology t'^(L,M) on the set £'^{L, AI) to 
each L ^T. 
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Convention 5.7. When an admissible collection {F,t'^{*,M)) is fixed, for any triple {N,L,K) of sub- 
sets of M with L E J^, let t^{L,N) denote the subspace topology on £j^{L,N) inherited from the space 
{£^{L, M),T^{L,M)), which is an admissible topology on N). 

Definition 5.8. Let (J^, t'^(*, M)) be an admissible collection for the transformation group G on M. We 
say that G has a strong topology with respect to (7^, t'^(*, M)) if G has a strong topology and satisfies the 
following additional condition: 

(**) For any discrete sequence C — {Li)i^^ in M with Li G F, the following function is continuous: 

r£ : G -> □,6N(^'^(ivz,M),r^(i,:,A/)). 

Assumption 5.9. Below we assume that M is a locally compact cr-compact space and G is a transformation 
group on M with a strong topology with respect to an admissible collection (J^, r'^(*, M)). 

Suppose C = {Li)i(zm, A/" — {Ni)i^m and /C = {Ki)i^fi are discrete sequences of subsets of M such that 
Li C Ni {i e N) and M ^ LUK. Here, L = {Jieti ^ = UisN ^ = UieN ^i- Since G has a strong 

topology, the sequences TV and /C induce the open embeddings 

Aat : D,eNG{N,) ^ G(iV) and : a^eNGiK,) ^ G(if). 

These maps determine the map 

p : (□, B),(,t>,G{Ni) X (□, B),eNGL{Ki) ~¥ (G, Gc), p{{g^)^eN, {ht)teN) = Aa^ ((gj)jeN)A/c((fti)iGN)- 

Under the weaker condition WLSPg, we obtain the following conclusions. 

Lemma 5.10. // {Ni,Li) has WLSPg and Ni £ J- for each i G N, then the map p has a local section at 
id A/. 

Proof. The proof is exactly a repitition of the arguments in Lemma 15.41 (except the part (1)). There is only 
one point to be modified: 

(t) The map rc is replaced by the map r^sf so that Vi is an open neighborhood of the inclusion 
IN, : Ni C AI in the space {Ni, M),t'^ {Ni, M)). 
The remaining parts are unchanged. □ 

Proposition 5.11. Suppose (Mi, Li, Ni)i^fi is an exhausting sequence for M . If each (A^2i,-^2i) has WLSPg 
and N2i G J- , then the multiplication map p : □i£NG(Mi) — > Gc has a local section at any point of Gc- 

Proof. The proof is completely same as that of Proposition l5.5l (2). except that we apply Lemma [5 . 1 01 instead 
of Lemma [ni](2). □ 

6. HOMEOMORPHISM AND DIFFEOMORPHISM GROUPS OF NON-COMPACT MANIFOLDS 

In this section, we apply Propositions 15.51 and 15.111 in Section [S] to study local topological properties of 
homeomorphism groups and diffeomorphism groups of non-compact manifolds M endowed with the Whitney 
topology. For homeomorphism groups of topological n-manifolds M, in case n = 2 we can describe the local 
topological type of TL{M) and HdM), while in case n > 3 the Homeomorphism Group Problem is still open 
and we are restricted only to show the local contractibility oiT-LdM). On the other hand, for diffeomorphism 
groups of smooth n-manifolds, we can determine the local topological type of 2?(M) and VdM) in every 
dimension n. 
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6.1. Homeomorphism groups of non-compact rt- manifolds. 

Suppose M is a CT-compact topological n- manifold possibly with boundary. When M is compact, the group 
■H(M) is known to be locally contractible ([TU] and [H]). In this subsection, we apply Proposition 15.111 to 
extend this result to the noncompact case. 

Proposition 6.1. For every cr-compact n-manifold M possibly with boundary, the group T-Lc{M) is locally 
contractible. 

We follow the formulation in Subsection 15.31 The topological group G — ^{{M) admits the natural action 
on M . According to the convension of Subsection 14. 11 we use the following notations for K,N C M: 

Ho(M) = Go, -HciM) = G„ n{M,K) = Gk, 

H{M,M\N) = G{N), niM,KU{M\N)) = Gk(A^), 

ndM, K) = Gk.c, -HoiM, K) = (Gk)o- 

For subspaces K C L C N C M, the symbol £k{L,N) denotes the space of embeddings f : L ^ N with 
fix — id/f endowed with the compact-open topology (Section [S]) . Recall that an embedding f : L ^ M 
is proper if f~^{dM) — L Ci dM . Let £'^{L,M) denote the subspace of £k{L,M) consisting of all proper 
embeddings. Then £^{L,M) C £^{L,M). 

Let denote the collection of all subsets of AI and £^{L, M), L G J^, be endowed with the compact-open 
topology T^{L, M), which is admissible, that is, the action of G = T-L{M) on £^{L, M) is continuous. Then the 
transformation group G on M has a strong topology with respect to the admissible collection (7^, t'^(*, M)), 
that is, for each discrete sequence C — (ii).;^^ in M (i) the map A£ : Oi^tqG{Li) G(lJ-gpjLi) is an 
open embedding and (ii) the map rc G ^ Oi^-fq£^{Li, M) is continuous with respect to the compact-open 
topology T'^{Li,M). Next, we shall inspect WLSPg of compact subsets of M. 

Lemma 6.2. Suppose L is a compact subset of M and N is a compact neighborhood of L in M. Then the 
pair {N, L) has the WLSPg (with respect to the topology t'^{N, M) ), that is, there exists an open neighborhood 
V of iN ■■ N C M in {£^ [N , M) , (N , M)) and a continuous map s : V ^ G{N) such that s{f)\L /|l for 
each / G V. 

This lemma follows from the next version of the deformation theorem for topological embeddings [llj . 

Lemma 6.3. Suppose C d D are compact subsets of M with C C intM^* and K <Z L are closed subsets of M 
with K C intAf L. Then there exists an open neighborhood V of the inclusion i : DU L d M in £1{D U L, M) 
and a map 

(j):V^ n{M, K\J{M\ intMD)) 
such that 4>{f)\c = f\c for each / G V and (j){i) = 'vIm ■ 

Proof. Take a compact neighborhood £' of G in intM^'. Then, by [11] Theorem 5.1] there exists an open 
neighborhood U of the inclusion io : D d M m £'^^^{D,M) and a map rj : U £}jf^j^{D,M) such that 
'7(iD) — io and for each f eU 

(a) 77(/) - id on (h) r,{f) = f on hdMD and (c) r]{f){D) ^ f{D). 

Replacing W by a smaller one, we may assume that /(G) C E. The required map (f> is defined by 
'/'(/) b = vif\D)-Hf\D) and 0(/) = id on M \ D. □ 
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Let {Mi, Ki)i^j^ be an exhausting sequence of M, that is, M — IJieN ^'^i^ each Mi is compact regular closed 
in M, Mi C intM^i+i and Ki = M\ \\AmM^. Then 'H{M,Ki) = Gr, = G{Mi) for each i € N. Consider 
the multiplication map 

p : □,eNH(Af, K,) Hc{M), p((/i.)»eN) = hih2h3 ■■■ . 
Lemma 6.4. The map p : n]i^iqT-L{M , Ki) — > T-LdM) has a local section at idjv/- 

Proof. We can form an exhausting sequence {Mi,Ki, L^, iVi)igN, that is, Li — Mi \ intMMi-i, Li C intM-/Vi 
and Ni fl iVj = if |i — j| > 2. Since each pair {Ni, Li) has WLSPg by Lemma [6.21 the conclusion follows 
from Proposition [5TTl] □ 

Proof of Proposition [6711 By [J Theorem 0] (cf. [H], [H]): there exists an exhausting sequence (Mi)^^^ 
for M consisting of compact n-submanifolds of M such that hd-MMi is a compact proper (n— l)-submanifold 
of AI which is transversal to dM. Since 

G(M,) = H{M, M \ intMM,) « HiM^MAiM,) 

and the latter is locally contractible by JT, Corollary 7.3], the conclusion follows from Lemmas 16.41 and 

6.2. Homeomorphism groups of non-compact surfaces. 

In this subsection, we shall recognize the local topological type of the pair {H{M, K),'Hc{M, K)) for a 
2-manifold M and a closed polyhedral subset K C M. Suppose M is a cr-compact 2-manifold possibly with 
boundary. Then M admits a combinatorial triangulation unique up to PL-homcomorphisms 26J. We fix 
a triangulation of M and regard M as a PL 2-manifold. A subpolyhedron of M means a subpolyhedron 
with respect to this PL-structure. A 2-submanifold of M means a subpolyhedron N of M such that is a 
2-manifold and bdMA^ is transverse to dAI so that bd^/ A^ is a proper 1-submanifold of AI and M \ intMN 
is also a 2-manifold. Let T-L^'"{M) denote the subgroup of %{M) consisting of PL-homeomorphisms with 
respect to the PL-structure of M, and set ^(M, K) = H^^(M) n Hc(M, K). 

Theorem [2] and Proposition [3] in Introduction follow from the next theorem with taking AT = 0. 

Theorem 6.5. Suppose M is a non-compact a-compact 2-manifold possibly with boundary and K M is a 
subpolyhedron. 

(1) If d-MiM \ K) is compact, then (i) T-Li^M^K) is an l2-manifold and hence (ii) T-Lo^M, K) is an open 
normal subgroup ofT-l{M,K). 

(2) If c\m{M \ K) is non-compact, then 

(i) {'H{M,K),'Hc{M,K)) is locally homeomorphic to (□'^^2, □'^^2)7 hence 'H{M,K) is locally home- 
omorphic to □"^2 o.'rid 'Hc{M,K) is an {I2 x -manifold, 

(ii) 'Hq{AI,K) is an open normal subgroup of 'Hc{M, K) and thus 

■Hc{M,K) w Ha{M,K) X Mc{M,K), 

where Mc{M,K) = ndM, K)/'Ho{M, K) (with the discrete topology). 

(3) The subgroup H^^(M, AT) is homotopy dense in T-Lc{M, K). 



18 



T. BANAKH, K. MINE, K. SAKAI, AND T. YAGASAKI 



We keep the notations for G — H{M) listed in Subsection 16. II For K C L C M, the symbols 

SKiL, M) D £*k{L, M) D £*k{L, M) = £^{L, M) 

denote the space of embeddings and the subspaces of proper embeddings and extendable embeddings, re- 
spectively. These spaces are endowed with the compact-open topology. 

To prove Theorem 16.51 we use the next two theorems besides Proposition 15. 51 

Theorem 6.6. (|15|. |23| . cf. |32j ) Suppose M is a compact 2-manifold possibly with boundary and K C M is 
a subpolyhedron. Then, (i) 7i{M,K) is an l2-manifold and (ii) {M, K) is homotopy dense in 'H{AI^K). 

The following is a slight extension of the results in [3T] and [35]. Note that the assertion was verified in 
[23] in the most important case that K = % and L is either a proper arc, an orientation-preserving circle or 
a compact 2-submanifold of M . 

Theorem 6.7. Suppose M is a 2-manifold possibly with boundary and K C L are two subpolyhedra of M 
such that cIm{L \ K) is compact. 

(1) For every closed subset C of M with C H clj\/(L \ K) = 0, the restriction map 

r:n{M,K)-^£*j,{L,M), r{h) ^ h\L 

has a local section s : U ^ 'Hq{AI, K U C) C. H(Af, K) at the inclusion i^ : L C M . 

(2) The restriction map r : 'H{M,K) — >■ £^{L,M) is a principal H{M, L) -bundle. 

(3) (i) £^{L,M) is an open neighborhood of the inclusion i^ in £^{L,M). 

(ii) The spaces £^{L^ M) and £'^{L, M) are l2-manifolds if dim(L \ K) > 1. 

Proof. In ^31] Proposition 4.2] and [3H Theorem 2.1], we verified the case where L is compact. The general 
case is obtained if we choose a regular neighborhood N of c1m(-^ \ K) in M \ C and apply the compact case 
to the data 

iN,{LnN)UhdMN,{K nN)UhdMN). □ 

Proof of Theorem [675l Consider the subgroup Gk — T-L{M,K) of G = TL{M) and the collection T of 
all compact subpolyhedra of AI. Then the transformation group Gk on M has a strong topology with 
respect to J-'. Choose any exhausting sequence {Mi, Li, iV.i)ieN for M such that each Mi and Ni are compact 
2-submanifolds of M. Recall that Li = Mi \ intAf Mi_i C intM-ZV.;. Then, for each i e N 

(i) L2i^T, (ii) (iV2i,i2i) has LSPg^t and 
(iii) the quotient topology on the space 

£'^'<{L2^,M)=£%{KyJL2^,M)=£*K{K\^L2^,M) 

coincides with the compact-open topology. 

The assertion (ii) is verified by applying Theorem 16. Ti ff) to the data [L, K, G) — {K U L2i, K, M \ Int N2i) 
and (iii) follows from Remark |4. 61 (0). Hence, it follows from Proposition 15.51 that 

(*)l {Gk,Gk,c) (□,H).6Nf'^^(i2^,Af) X (□,H),gNGK(i2.-l), 

(*)2 the multiplication map p : Eli^ffG k (Ali) — t- Gk,c has a local section at any point of Gk,c- 
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(1) Take a compact submanifold N of M such that c\m{M \K) C N. Then 'H{M,K) is identified with 
H(iV, {N n K) U bdM-^V) and the assertion (1) is the direct consequence of Theorem 16.61 

(2) Since Gif (L2^-l) - n{M, K U (M \ intMi2z-i) « ^(La^-i, {K n L2.-1) U bdMia.-i) and /sT for 
infinitely many i e N, by Theorem 16. 6l (i) and Theorem 16. 7l (3Hii) we have 

Hence, the assertion (2) follows from 

(3) Let H = %^^{M) and consider the subgroup Hk of Gk- Since Gc is paracompact, so is Gk.c- Since 

{GK{Mi),HK{M,)) = {n{M, K U K,), H^^(M, K U IQ) 

« (H(M„ (M, n AT U bdMM,), H^^(M„ (M, n if) U bdMM,)), 

Theorem l6.6l fii) implies that HK{Mi) is HD in GxiMi). By (*)2, we can apply Lemma H^ fS) to assert that 
n^^{M, K) = Hk.c is HD in UdM, K) = Gk,c- □ 

6.3. DifTeomorphism groups of non-compact smooth manifolds. 

In this subsection, we study diffeomorphism groups of non-compact smooth manifolds endowed with the 
Whitney C°°-topology. Suppose M is a smooth cr-compact n-manifold without boundary. Let V{M) denote 
the group of diffeomorphisms of M endowed with the Whitney C°°-topology {— the very-strong C°°-topology 
in [19]). 

The topological group G = V{M) admits the natural action on M. Similarly to the previous subsection, 
we use the following notations for K,N C M: 

VoiM) = Go, Pc(M) = Ge, V{M,K) = Gk, 
V{M, M \N) = G{N), V{M, K U (M \ N)) = Gk{N), 
2?,(M, K) = Gk,c, Vo{M, K) = (G/f )o. 

Since the inclusion map V{M) C H(M) is continuous, it follows from Proposition 14. II that VoiM) C VdM). 
The quotient group M^{M) — 'Dc{M)/T>o{M) (with the quotient topology) is called the mapping class 
group of M. 

Let denote the collection of all compact smooth n-submanifolds of M. For L G and a subset 
K C L, let £^(L, M) denote the space of G°°-embeddings f : L M with = idA' and let S'^'*{L, M) = 
£^{L,M) (the space of extendable G°°-embeddings). These spaces are endowed with the compact-open 
G°°-topology (and its subspace topology). There is a natural restriction map 

r:ViM,K)^£^iL,M), r{h) ^ h\L. 

The following is the main result of this subsection. 

Theorem 6.8. Suppose M is a non-compact a-compact smooth n-manifold without boundary. 

(1) {V{M),VeiM)) {D'^l2,B'^l2). Hence, V{M) □'^/a and VdM) is an [h x W^)-maniJold. 

(2) T>q{M) is an open normal subgroup ofVc{M) and 

Vc{M) ~ Vq{M) X M^iM). 
In the proof, we use Proposition 15.51 and the following bundle theorem (cf. [5], [H], [H], [17], ^\). 
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Theorem 6.9. Suppose K and L are smooth n-submanifolds of M such that they are closed subsets of M , 
K C intM^ o.'Tid c\f,[{L \ K) is compact and nonempty. 

(1) For any closed subset C of M with C H L = 9, the restriction map r : 'D{M, K) — > £'^{L, M) has a 
local section 

s:U^ V{M, KUC) C V{M, K) 

at the inclusion i^ : L G M such that s{iL) ~ IcIm- 

(2) The spaces Ty{M,K U (M \ L)) and £^{L,M) are infinite- dimensional separable Frechet manifolds 
(thus topological l2-manifolds) and S"^'* (L, M) is an open subset of £^{L, AI). 



Proof of Theorem 16.81 We follow the formulation of Subsections 5.1-5.2 and apply Proposition 15 .51 to the 
transformation group G — 'D{M) on M. For L e J-"^ , the compact-open C°°-topology on £'^{L,M) is an 
admissible topology, and Theorem I6.9l fl) and Remark I4.4l fiii') imply that this topology coincides with the 
quotient topology r'^(L, M) on £'^{L, M) induced by the restriction map r : G ^ £^{L, M). Hence, it is seen 
that the transformation group G has a strong topology with respect to J-"^ ■ 

Now we can apply Proposition 15.51 to any exhausting sequence {Mi,Li,Ni)i^fi for M such that each Mj 
is a compact n-submanifold of M. For each i e N, it is seen that L2i G J-"^ and {N2i,L2i) has LSPg by 
Theorem 16. QK F). Hence, from Proposition 15.51 it follows that 

(G,Ge) ~i (□,H).eNf^(i2.,M) X (□, □),eNG(L2.-i). 

The latter pair is locally homeomorphic to (D'^hjS'^h) by Theorem 16.91 (2). 

Due to Theorem 16.91 (2). G{L) is separable metrizable for each compact smooth n-submanifold L C M. 
Then Gc is paracompact by Proposition 14. 11 (2) . □ 
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